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Fusion systems

Let p be a prime. A (saturated) fusion system is an algebraic object which

contains data about conjugacy within a p-group. It has a long technical
definition which we shall ignore.
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Fusion systems

Let p be a prime. A (saturated) fusion system is an algebraic object which
contains data about conjugacy within a p-group. It has a long technical
definition which we shall ignore.

Definition

You should think of a saturated fusion system F as a p-group P, where to
each subgroup E < P we attach a group of automorphisms

Autp(E) < Autr(E) < Aut(E). We may further assume that Autp(E) is
a Sylow p-subgroup of Autr(E).
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Fusion systems

Let p be a prime. A (saturated) fusion system is an algebraic object which
contains data about conjugacy within a p-group. It has a long technical
definition which we shall ignore.

Definition

You should think of a saturated fusion system F as a p-group P, where to
each subgroup E < P we attach a group of automorphisms

Autp(E) < Autr(E) < Aut(E). We may further assume that Autp(E) is
a Sylow p-subgroup of Autr(E).

The canonical example of a fusion system is that which a group G induces
on one of its Sylow p-subgroups P, which is denoted Fp(G). Here we
have Autr(E) = Autg(E) for each subgroup E < P.
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Classifying fusion systems via essential subgroups
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms
groups of a small number of subgroups called essential subgroups, or just
essentials.
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms

groups of a small number of subgroups called essential subgroups, or just
essentials.

Essential subgroups E < P have the following properties:
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms

groups of a small number of subgroups called essential subgroups, or just
essentials.

Essential subgroups E < P have the following properties:

@ E is self-centralising; Cp(E) < E. Hence Outp(E) = Np(E)/E.
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms

groups of a small number of subgroups called essential subgroups, or just
essentials.

Essential subgroups E < P have the following properties:
@ E is self-centralising; Cp(E) < E. Hence Outp(E) = Np(E)/E.
@ Autz(E) is not a p-group.
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms
groups of a small number of subgroups called essential subgroups, or just
essentials.

Essential subgroups E < P have the following properties:
@ E is self-centralising; Cp(E) < E. Hence Outp(E) = Np(E)/E.
@ Autz(E) is not a p-group.

© E is F-radical; Op(Outr(E)) = 1. This implies that the induced
action of Outz(E) on the F,-vector space E/®(E) is faithful.
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Classifying fusion systems via essential subgroups

One of the most important results relating to fusion systems is Alperin's
fusion theorem. It tells us that to completely describe a fusion system on a
p-group P, it suffices to describe Autx(P) along with the automorphisms
groups of a small number of subgroups called essential subgroups, or just
essentials.

Essential subgroups E < P have the following properties:
@ E is self-centralising; Cp(E) < E. Hence Outp(E) = Np(E)/E.
@ Autz(E) is not a p-group.

© E is F-radical; Op(Outr(E)) = 1. This implies that the induced
action of Outz(E) on the F,-vector space E/®(E) is faithful.

@ Outx(E) contains a strongly p-embedded subgroup.
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Strongly p—embedded subgroups

We have a complete classification of groups containing a strongly
p-embedded subgroup.
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Strongly p—embedded subgroups

We have a complete classification of groups containing a strongly
p-embedded subgroup.

Let G be a group with a strongly p-embedded subgroup, and let S be a
Sylow p-subgroup of G. Then either
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Strongly p—embedded subgroups

We have a complete classification of groups containing a strongly
p-embedded subgroup.

Let G be a group with a strongly p-embedded subgroup, and let S be a
Sylow p-subgroup of G. Then either
@ G has p-rank 1 and 1(S) 4 G, or
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Strongly p—embedded subgroups

We have a complete classification of groups containing a strongly
p-embedded subgroup.

Let G be a group with a strongly p-embedded subgroup, and let S be a
Sylow p-subgroup of G. Then either
@ G has p-rank 1 and Q1(S) 4 G, or
@ G has p-rank 2 and M := OF' (G /O,(G)) lies on a known list of
almost simple groups.
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Strongly p—embedded subgroups

We have a complete classification of groups containing a strongly
p-embedded subgroup.

Let G be a group with a strongly p-embedded subgroup, and let S be a
Sylow p-subgroup of G. Then either
@ G has p-rank 1 and Q1(S) 4 G, or
@ G has p-rank 2 and M := OF' (G /O,(G)) lies on a known list of
almost simple groups.

In the second case, M and S are subject to quite strong restrictions.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.

@ Otherwise, eliminate soluble groups.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.

@ Otherwise, eliminate soluble groups.

© Eliminate groups with impermissible Sylow p-subgroup.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.

@ Otherwise, eliminate soluble groups.
© Eliminate groups with impermissible Sylow p-subgroup.
@ Eliminate groups with O,(H) # 1.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.

Otherwise, eliminate soluble groups.

Eliminate groups with impermissible Sylow p-subgroup.
Eliminate groups with Op(H) # 1.

Compute M := OP'(H/O,(H)) and check if M is permissible.
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Finding all possible Outz(E)

The first task is to find a list of all candidates for Outr(E); these
correspond to subgroups of Out(E) with a strongly p-embedded subgroup.

© If Out(E) is a p-group, there are no candidates.
@ List all subgroups of G := Out(E)/O,(Out(E)) up to conjugacy.

© For each subgroup H < G, if it has p-rank 1 then H has a strongly
p-embedded subgroup iff O,(H) = 1.

Otherwise, eliminate soluble groups.
Eliminate groups with impermissible Sylow p-subgroup.

o

o

@ Eliminate groups with O,(H) # 1.

@ Compute M := OP'(H/O,(H)) and check if M is permissible.
o

For each H with a strongly p-embedded subgroup, check if H has a
preimage in Out(E) which intersects Op(Out(E)) trivially.
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Q-hyperfocused essential subgroups
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Q-hyperfocused essential subgroups

We want to be able to say that two essentials are alike; an essential
Qs x C, should not behave too differently from an essential Qg. In
particular, the action of Np(E) on the Qg factor will be the same.
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Q-hyperfocused essential subgroups

We want to be able to say that two essentials are alike; an essential
Qs x C, should not behave too differently from an essential Qg. In
particular, the action of Np(E) on the Qg factor will be the same.

Definition

Let F be a saturated fusion system on a p-group P, and let E < P be a
self-centralising subgroup. Write N := Np(E). Suppose there exists

Q < E for which Q<N and QN P(E) = ¢(Q), and

Autp(E) < A < Autz(E) such that the action of A:= A/Inn(E) on
E/®(E) restricts to a faithful action on Q/®(Q). Then we say that E is
Q-hyperfocused (with respect to A).
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Q-hyperfocused essential subgroups

We want to be able to say that two essentials are alike; an essential
Qs x C, should not behave too differently from an essential Qg. In
particular, the action of Np(E) on the Qg factor will be the same.

Definition

Let F be a saturated fusion system on a p-group P, and let E < P be a
self-centralising subgroup. Write N := Np(E). Suppose there exists

Q < E for which Q<N and QN P(E) = ¢(Q), and

Autp(E) < A < Autz(E) such that the action of A:= A/Inn(E) on
E/®(E) restricts to a faithful action on Q/®(Q). Then we say that E is
Q-hyperfocused (with respect to A).

If we know the behaviour of an essential isomorphic to @ with group of
automorphisms A|q, then we can often deduce the behaviour of a
Q-hyperfocused essential E.
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?

Let F be a saturated fusion system on a p-group P. Let E < P be a
self-centralising, F-radical subgroup and pick some

OF' (Autz(E)) < A < Autx(E). Pick any [E, OP(A)] < Q < E for which
QN®(E) = P(Q), and suppose that A acts on Q. Then E is
Q-hyperfocused with respect to A.
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?

Let F be a saturated fusion system on a p-group P. Let E < P be a
self-centralising, F-radical subgroup and pick some

OF' (Autz(E)) < A < Autx(E). Pick any [E, OP(A)] < Q < E for which
QN®(E) = P(Q), and suppose that A acts on Q. Then E is
Q-hyperfocused with respect to A.

Our algorithm runs thus:
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?

Let F be a saturated fusion system on a p-group P. Let E < P be a
self-centralising, F-radical subgroup and pick some

OF' (Autz(E)) < A < Autx(E). Pick any [E, OP(A)] < Q < E for which
QN®(E) = P(Q), and suppose that A acts on Q. Then E is
Q-hyperfocused with respect to A.

Our algorithm runs thus:

@ Compute T := [E, OP(A)].
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?

Let F be a saturated fusion system on a p-group P. Let E < P be a
self-centralising, F-radical subgroup and pick some

OF' (Autz(E)) < A < Autx(E). Pick any [E, OP(A)] < Q < E for which
QN®(E) = P(Q), and suppose that A acts on Q. Then E is
Q-hyperfocused with respect to A.

Our algorithm runs thus:
@ Compute T := [E, OP(A)].
@ Compute all normal subgroups of E/T.
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Q-hyperfocused essential subgroups

Sometimes the best choice of @ might be obvious to us, but how do we
choose Q algorithmically?

Let F be a saturated fusion system on a p-group P. Let E < P be a
self-centralising, F-radical subgroup and pick some

OF' (Autz(E)) < A < Autx(E). Pick any [E, OP(A)] < Q < E for which
QN®(E) = P(Q), and suppose that A acts on Q. Then E is
Q-hyperfocused with respect to A.

Our algorithm runs thus:
@ Compute T := [E, OP(A)].
@ Compute all normal subgroups of E/T.

© Pick one of minimal size whose preimage @ < E is normalised by A
and satisfies Q N ®(E) = ¢(Q).
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Pearls

The smallest possible essential subgroups are C, x C,, and p}fz for p odd
or Qg for p = 2. Such essentials are called pearls. They have outer

automorphism group isomorphic to SLy(p) or GLa(p) (S3 if p = 2).
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Pearls

The smallest possible essential subgroups are C, x C,, and p}fz for p odd
or Qg for p = 2. Such essentials are called pearls. They have outer

automorphism group isomorphic to SLy(p) or GLa(p) (S3 if p = 2).

The presence of a pearl in a fusion system on a p-group P forces P to be
maximal class. For instance, for the pearl (g we must have a normaliser
tower

Qs < Qe <+ < Qom—1 < P = Qom or SDom .
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Pearls

The smallest possible essential subgroups are C, x C,, and p}fz for p odd

or Qg for p = 2. Such essentials are called pearls. They have outer
automorphism group isomorphic to SLy(p) or GLa(p) (S3 if p = 2).

The presence of a pearl in a fusion system on a p-group P forces P to be
maximal class. For instance, for the pearl (g we must have a normaliser
tower

Qs < Qe <+ < Qom—1 < P = Qom or SDom .

What can we say about an essential E hyperfocused on a pearl Q7 First of
all, if Q = C, x Cp then E = Q X R for some R, while if |Q| = p3 then we
have a central (possibly direct) product E = Q o R.
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Pearls

The smallest possible essential subgroups are C, x C,, and p}fz for p odd

or Qg for p = 2. Such essentials are called pearls. They have outer
automorphism group isomorphic to SLy(p) or GLa(p) (S3 if p = 2).

The presence of a pearl in a fusion system on a p-group P forces P to be
maximal class. For instance, for the pearl (g we must have a normaliser
tower

Qs < Qe <+ < Qom—1 < P = Qom or SDom .

What can we say about an essential E hyperfocused on a pearl Q7 First of
all, if Q = C, x Cp then E = Q X R for some R, while if |Q| = p3 then we
have a central (possibly direct) product E = Q o R.

We also hope that the normaliser tower of E looks similar to the one
above; i.e. each subgroup has index p in its normaliser and p of its
maximal subgroups are conjugate in its normaliser.
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Essentials hyperfocused on pearls

Proposition

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if

Q = V4 or E = Q o R otherwise, for some R < E. If R satisfies certain
conditions then the following hold.
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Essentials hyperfocused on pearls

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if
Q = V4 or E = Q o R otherwise, for some R < E. If R satisfies certain
conditions then the following hold. _ _
Q If Q= V4 then P _has a maximal subgroup QR with Q dihedral or
equal to @ and [Q,R] < [Q, Q']

Josh Bridges (University of Birmingham)  Small essential subgroups in fusion systems 07/05/2026



Essentials hyperfocused on pearls

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if
Q = V4 or E = Q o R otherwise, for some R < E. If R satisfies certain
conditions then the following hold.
Q If Q= Vy then P has a maximal subgroup QR with Q dihedral or
equal to Q and [Q, R] < [Q, Q'].
Q If Q= Qg then P has a maximal subgroup QR with Q quaternion
and [Q R] < [Q Q’]
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Essentials hyperfocused on pearls

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if
Q = V4 or E = Q o R otherwise, for some R < E. If R satisfies certain
conditions then the following hold.
Q If Q= Vy then P has a maximal subgroup QR with Q dihedral or
equal to Q and [Q, R] < [Q, Q'].
Q If Q= Qg then P has a maximal subgroup QR with Q quaternion
and [Q R] < [Q Q’]

Moreover, in both cases two maximal subgroups of Q are P-conjugate.
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Essentials hyperfocused on pearls

Proposition

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if
Q= V4 or E = Qo R otherwise, for some R < E. If R satisfies certain
conditions then the following hold.
Q If Q= Vy then P has a maximal subgroup QR with Q dihedral or
equal to Q and [Q, R] < [Q, Q].
Q If Q= Qg then P has a maximal subgroup QR with Q quaternion
and [Q R] < [Q Q’]

Moreover, in both cases two maximal subgroups of Q are P-conjugate.

We need conditions on R to take care of examples such as E = Q x R
with Q@ =2 Qg and R =2 (Q15. One possibility in this case is
Np(E) = Q16 X Q16 and P = Q160 C
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Essentials hyperfocused on pearls

Proposition

Suppose that F is a fusion system on a 2-group P with an essential
subgroup E < P. Suppose there exists Outp(E) < A < Outx(E) for
which E is Q-hyperfocused with respect to A. Write E = Q X R if
Q= V4 or E = Qo R otherwise, for some R < E. If R satisfies certain
conditions then the following hold.
Q If Q= Vy then P has a maximal subgroup QR with Q dihedral or
equal to Q and [Q, R] < [Q, Q].
Q If Q= Qg then P has a maximal subgroup QR with Q quaternion
and [Q R] < [Q Q’]

Moreover, in both cases two maximal subgroups of Q are P-conjugate.

We need conditions on R to take care of examples such as E = Q x R
with Q@ =2 Qg and R =2 (Q15. One possibility in this case is
Np(E) = Q16 X Q16 and P = Q160 C

While a similar result feels feasible for odd p, technical-difficulties arise.
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Bounding the ‘rank’ of the action on Q/®(Q)
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Bounding the ‘rank’ of the action on Q/®(Q)

Let F be a saturated fusion system on a p-group P, and suppose E < P is
a self-centralising F-radical subgroup. Write N := Np(E). If E 4 P, then
either ®(E) is not P-characteristic in N or there exists an elementary
Abelian subgroup 1 # B < N/E for which codim(Cg ¢ (£)(B)) < dim(B).

07/05/2026
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Bounding the ‘rank’ of the action on Q/®(Q)

Let F be a saturated fusion system on a p-group P, and suppose E < P is
a self-centralising F-radical subgroup. Write N := Np(E). If E 4 P, then
either ®(E) is not P-characteristic in N or there exists an elementary
Abelian subgroup 1 # B < N/E for which codim(Cg ¢ (£)(B)) < dim(B).

For example, suppose E = (C,)P and N = C, ! Cp. Then any non-trivial
element of N/E acts on E with rank p — 1, so codim(Cg(B)) = p — 1.
This is less than or equal to dim(N/E) =1 if and only if p = 2. This
reflects the fact that (C,)P is characteristic in Cp C, if and only if p is
odd.
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Bounding the ‘rank’ of the action on Q/®(Q)

Let F be a saturated fusion system on a p-group P, and suppose E < P is
a self-centralising F-radical subgroup. Write N := Np(E). If E 4 P, then
either ®(E) is not P-characteristic in N or there exists an elementary
Abelian subgroup 1 # B < N/E for which codim(Cg ¢ (£)(B)) < dim(B).

For example, suppose E = (C,)P and N = C, ! Cp. Then any non-trivial
element of N/E acts on E with rank p — 1, so codim(Cg(B)) = p — 1.
This is less than or equal to dim(N/E) =1 if and only if p = 2. This
reflects the fact that (C,)P is characteristic in Cp C, if and only if p is
odd.

Our lemma can be generalised to Q-hyperfocused groups E, in which case
we need to check codim(Cq/e(q)(B))- However, our condition on ®(E)
must be replaced by more complicated conditions on Q and ®(Q).
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A narrow window for p = 2

Let N = Np(E), d = rank(E), r = codim(Cg/q(e)(N/E)) and n be the
p-rank of N/E. The following result comes by considering faithful
F>-representations of groups with a strongly embedded subgroup.
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Let N = Np(E), d = rank(E), r = codim(Cg/q(e)(N/E)) and n be the
p-rank of N/E. The following result comes by considering faithful
F>-representations of groups with a strongly embedded subgroup.

Proposition (Oliver and Ventura 2009)

Let F be a saturated fusion system on a 2-group P. If E is an essential
subgroup then the following hold.
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F>-representations of groups with a strongly embedded subgroup.

Proposition (Oliver and Ventura 2009)

Let F be a saturated fusion system on a 2-group P. If E is an essential
subgroup then the following hold.
@ We have log, [N : E| < d/2.
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A narrow window for p = 2

Let N = Np(E), d = rank(E), r = codim(Cg/q(e)(N/E)) and n be the
p-rank of N/E. The following result comes by considering faithful
F>-representations of groups with a strongly embedded subgroup.

Proposition (Oliver and Ventura 2009)

Let F be a saturated fusion system on a 2-group P. If E is an essential
subgroup then the following hold.
@ We have log, [N : E| < d/2.
@ If|N: E| > 2, then rank([y, E/®(E)]) > 2 for all non-trivial
y € N/E.
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A narrow window for p = 2

Let N = Np(E), d = rank(E), r = codim(Cg/q(e)(N/E)) and n be the
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F>-representations of groups with a strongly embedded subgroup.

Proposition (Oliver and Ventura 2009)

Let F be a saturated fusion system on a 2-group P. If E is an essential
subgroup then the following hold.
@ We have log, [N : E| < d/2.
@ If|N: E| > 2, then rank([y, E/®(E)]) > 2 for all non-trivial
y € N/E.
© We have rank([y, E/®(E)]) > n for all non-trivial y € N/E.
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A narrow window for p = 2

Let N = Np(E), d = rank(E), r = codim(Cg/q(e)(N/E)) and n be the
p-rank of N/E. The following result comes by considering faithful
F>-representations of groups with a strongly embedded subgroup.

Proposition (Oliver and Ventura 2009)

Let F be a saturated fusion system on a 2-group P. If E is an essential
subgroup then the following hold.
@ We have log, [N : E| < d/2.
@ If|N: E| > 2, then rank([y, E/®(E)]) > 2 for all non-trivial
y € N/E.
© We have rank([y, E/®(E)]) > n for all non-trivial y € N/E.

Suppose E 41 P and ®(E) is P-characteristic in N. Then r = n, and if
n=1 then |N: E| =2.
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Structure of E and Outx(E) when r =1
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Structure of E and Outx(E) when r =1

When r = 1, the group Outp(E) must contain a transvection of E/®(E).

E
By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.
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Structure of E and Outx(E) when r =1

When r = 1, the group Outp(E) must contain a transvection of E/®(E).
By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.

Proposition

Let F be a saturated fusion system on a p-group P. Suppose that E is a
Q-hyperfocused essential subgroup with |N : E| = p and r = 1. Then:
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When r = 1, the group Outp(E) must contain a transvection of E/®(E).

By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.

Proposition

Let F be a saturated fusion system on a p-group P. Suppose that E is a
Q-hyperfocused essential subgroup with |N : E| = p and r = 1. Then:
Q@ We have OP (Outz(E)) = SLy(p).
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When r = 1, the group Outp(E) must contain a transvection of E/®(E).
By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.

Proposition

Let F be a saturated fusion system on a p-group P. Suppose that E is a
Q-hyperfocused essential subgroup with |N : E| = p and r = 1. Then:

Q@ We have OP (Outz(E)) = SLy(p).

Q If Q = [E, OP(OP (Autx(E)))], then Q is 2-generated.
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When r = 1, the group Outp(E) must contain a transvection of E/®(E).
By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.

Proposition

Let F be a saturated fusion system on a p-group P. Suppose that E is a
Q-hyperfocused essential subgroup with |N : E| = p and r = 1. Then:

Q@ We have OP (Outz(E)) = SLy(p).

Q If Q = [E, OP(OP (Autx(E)))], then Q is 2-generated.

There are very few possibilities for 2-generated essentials.
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Structure of E and Outx(E) when r =1

When r = 1, the group Outp(E) must contain a transvection of E/®(E).
By classifying groups with a strongly p-embedded subgroup that contain a
transvection, we get the following result.

Proposition

Let F be a saturated fusion system on a p-group P. Suppose that E is a
Q-hyperfocused essential subgroup with |N : E| = p and r = 1. Then:

Q@ We have OP (Outz(E)) = SLy(p).

Q If Q = [E, OP(OP (Autx(E)))], then Q is 2-generated.

There are very few possibilities for 2-generated essentials.

Theorem (Baoyu Zhang, 2026+)

Let p be a prime and let F be a saturated fusion system on a p-group P.
Suppose that E < P is a 2-generated essential subgroup. Then either E is
a pearl or E is a characteristic maximal subgroup of P.
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