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Main question

Question (Hillman 2022)

What is a minimal Hirsch length h(T') of a torsion-free virtually polycyclic non-solvable
group I'?
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Three cases

Theorem (Hillman 2023)

I - virtually solvable (general case):
h(T) > 10.
T - virtually nilpotent and h(I") < 14, then the Fitting subgroup is of nilpotency class < 3.

Theorem (L. + Szczepanski 2024)

I - virtually abelian of minimal Hirsch length:
h(T) = 15.
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Bieberbach groups

Torsion-free virtually abelian (of rank » € N) group I’

' — Bieberbach group

I' is defined using

> finite holonomy group G € GL(n,Z)
> cohomology class « € H?(G,Z") that controls torsion-freeness

Solvability of I" is built into G

I' is solvable < G is solvable
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Non-solvable Bieberbach groups

Theorem (Hiller-Marciniak-Sah-Szczepanski 1987, Plesken 1989)

There exists a non-solvable Bieberbach group of dimension 15.
For holonomies As, Ls(2) and SLz(5) the dimension is at least 15.

Idea: Go with |G| as low as possible.

Definition
A finite non-solvable group G is minimal non-solvable (MNS) if every H < G is solvable.

Example: The only alternating MNS group is As.

Proposition
No finite MNS group is a holonomy of Bieberbach group in dimension < 14.
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Holonomy of MNS Bieberbach groups

Let : G — GL(n,Z) be the inclusion map.

i.e, there exist ¢;: G — GL(d;,Z) such that up to conjugacy in GL(n, Q):

©1(g)
G = g€ G
©r(9)
G: holonomy of a Bieberbach group
> k>1.
> G is MNS.

> ¢;(G) € GL(d;,Z) is MNS group, for 1 <i < k.
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Math databases matter

Roadmap

Math problems GAP computations
non-solvable Bieberbach gp. of dimension < 14 CrystCat/CaratInterface: partial check
¥ Y
non-solvable holonomy G < GL(n, Z): IMF subgroups of GL(d, Z):

= finite MNS group exclude order > 10°

Y
perfect groups library: order < 10°
v v
decomposition over rationals Wedderga

| possible holonomies in dimension < 14

a

}

known lower bound for these holonomies: dimension > 15
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Low-dimensional case

p~Qe1®D... &, @i(G)C GL(d;, Z).

CrystCat and Caratinterface packages:
For n < 4 all finite subgroups of GL(n,Z) are solvable.

Theorem (CARAT database)
All Bieberbach groups of dimension up to 6 are solvable.
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Step 1: Subgroups of GL(n,Z)
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IMF subgroups of GL(n,Z)

We are interested in dimensions < 14:

For some k > 1 we have:

k
O~ 1D ... DwE, wi(G)-MNS and Zdeggpi(G)glél
i=1

Idea for finding MNS groups:
Use the library of irreducible maximal finite subgroups of GL(n,Z), for 4 < n < 10.

Going through subgroup lattices expensive. Two approaches:

All: Check for MNS groups in the library, for 4 < n < 10.
> 10°: Check for MNS groups of order > 106 in the library, for 4 < n < 10.



The core GAP loop

MNS subgroups calculated up to conjugacy in the whole group:

MaximalNonsolvableSubgroups := function(grp, min)
return Filtered(
MaximalSubgroupClassReps(grp),
X => Size(x)>=min and not IsSolvableGroup(x) );
end;

Thanks to the library, we didn’t have to work with matrix groups
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gap> G := Image( IsomorphismPermGroup( ImfMatrixGroup(10,1,1) ) );
All images lie in S,
> n <270 > median = 42 > average ~ (3

Math databases matter
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Dimension

4

5

6

7

8

O

10

Dimension 10 is the wall

|0
| 01
|0
|0.2 Time measured with GAP profiler. Included:
|0 > calculation of maximal subgroups

|37 > comparison of subgroups up to conjugacy

| 0.5
117.0

I 3.0

I 7.2

| 10.0

I S, 13 - 10“

I 5769
I S SR - 0°

Time (seconds)

= All = > 100

“with -k 1006 switch ran out of workspace after twelve days of calculations
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Dimension
~

Count of maximal subgroups calculation

|0

|5

|0

| 25

|0

[ 192

|2

Il 600

| 17

S I 7

9 | 102
I 15225

1o 172
e SN - 10>

Number of executions of MaximalNonsolvableSubgroups

= All = > 106

“with -K 1006 switch ran out of workspace



Results

The results of Step 1

Let 4 < n < 10. There is no MNS subgroup of GL(n, Z) of order greater than 10°.

Question: How to handle groups of order < 109?
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Step 2: Finite perfect groups
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Perfect groups

Theorem
Every finite MNS group G is perfect, ie, G = [G,G]

Idea: Search for MNS groups in the library of finite perfect groups.
> Based on work of D. Holt and W. Plesken for order up to 106, with some gaps.
> Gaps filled and order increased up to 2 - 10 by A. Hulpke.
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Digression

Experiment with the whole library

|= Perfect groups mm I1r of GL(n, Z) == Total |

N, 015
2m [ 648
N, 6/

N, )57
™ I, 1840
. 77

Threshold

Time (seconds)
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*Using AtlasRep for calculating maximal subgroups



Results

The results of Steps 1and 2

Let 4 < n < 10. There is no MNS subgroup of GL(n, Z) of order greater than 10°.
There are 159 MNS groups of order less than or equal to 108 (small MNS groups).
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Bieberbach groups
Holonomy groups
Fast check

Step 3: Rational

representations

Irreducible subgroups of GL(n, Z)
B Finite perfect groups

Rational representations

B Further optimization
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Rational representations of MNS groups

With GAP package Wedderga
The following small MNS groups have rational representations of dimension < 14:
As,SLy(5), L3(2), SL(7), La(8), L3(2) N 23.

With some further conditions on ¢: G — GL(n,Z) we get:
The following groups can be holonomy groups of MNS Bieberbach groups of dimension < 14:
As,SLa(5), L3(2).



Results

The results of Steps 1,2 and 3

Let 4 < n < 10. There is no MNS subgroup of GL(n, Z) of order greater than 10°.
There are 159 MNS groups of order less than or equal to 108 (small MNS groups).
Possible MNS holonomy groups in dimensions < 14: As,SLy(5) or L3(2).
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Finally

Back to Hiller-Marciniak-Sah-Szczepanski 1987, Plesken 1989

A Bieberbach group with holonomy As, SLo(5) or Ls(2) has dimension equal at least 15.

Theorem
If T is a non-solvable Bieberbach group, then h(I") > 15.
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Time for fun

How much do extra mathematical filters buy us?

I S, 20280
4k | <1
| <1

Threshold

Refinments use:
> derived series
> dividing by solvable radical

= Step 3 mm Step 2 mm Step 1 (scaled)
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Time (seconds)



Dimension 10 is not the wall anymore!

™ [ 1767
250k [ 720
125k [ 620
60k I 572
30k N 617
15k (I 55
sk | 20280
de o
a  [BEEQ

Threshold

Total time (seconds), using logarithmic scale
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Conclusion

Without

P Groups

I Algorithms

\» Programming
and
GAP libraries of: GAP packages:
> Irreducible Maximal Finite Integral Matrix Groups > Wedderga
> Finite Perfect Groups > CrystCat

> Caratinterface
> AtlasRep
the result would be much harder (impossible?) to obtain.



Thank you!

https://github.com/rlutowsk/MNS-Bieberbach—-groups
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