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Finite Dimensional Algebra over a Field

Definition
Let K be a field. A pair (A,φ) is a K-algebra if A is a ring and φ is a ring
homomorphism from K to Z(A), the center of A.

Example
Let K be a field and M be a finite monoid.

KM :=

{∑
m∈M

λmm : λm ∈ K

}
φ : K→ KM

k 7→ k · 1M
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Representation Theory of Algebras

A-mod
An A-module is a K-vector space V with a right A-action which satisfies the
following:

v · k 1A = kv

(v · a) · b = v · (ab)

K-algebra homomorphisms
A K-representation of A is a ring homomorphism ψ : A→ Mn(K) which also
satisfies the following:

ψ(k 1A) = k IdentityMat(n)
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Representation Theory of Algebras

Jordan–Hölder Theorem
Let V a finite generated A-module and two composition series be given

{0V} = U0 ⊂ U1 ⊂ · · · ⊂ Un = V

such that Ui/Ui−1 is simple and

{0V} = W0 ⊂ W1 ⊂ · · · ⊂ Wm = V

such that Wi/Wi−1 is simple then n = m and there exists a permutation σ on
{1, ... , n} such that Ui/Ui−1 ∼= Wσ(i)/Wσ(i)−1.
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Representation Theory of Algebras

Reducing to the composition factors

A-mod → Zn

V 7→ ([V : S1], ... , [V, Sn])

[V, Si] := number of composition factors of V isomorphic to Si
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Representation Theory of Group Algebras
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Representation Theory of Group Algebras

Group representation: ψ : G→ Md(K)

ψ 7→ χψ := (Tr(ψ(gG1 )), ... ,Tr(ψ(gGn )))
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Representation Theory of Monoid Algebras

Green’s Relations

mL n if and only if Mm = Mn

m R n if and only if mM = nM

mJ n if and only if MmM = MnM

Let m be in M. Lm will denote the L -class of m, Rm will denote the R-class of
m, and Jm will denote the J -class of m.
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Representation Theory of Monoid Algebras

Green’s Relations

mH n if and only if m L n and m R n

m D n if and only if m L n or m R n

Let m be in M. Hm will denote the H -class of m, and Dm will denote the
D-class of m. For finite monoids the relations J and D coincide.
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Representation Theory of Monoid Algebras

Theorem
For an idempotent e in M and a simple KHe-module V,

S(e,V) := V⊗ KRe/{v ∈ V⊗ KRe : vMe = 0} is a simple KM-module.
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Representation Theory of Monoid Algebras

Theorem (1960 Clifford Munn and Ponizovskiĭ)
Let J1, .., Jm be the J -classes that contain idempotents (the regular J -classes).
Let e1, .., em idempotents such that ei in Ji.
Let Vi,1, ...,Vi,ri be all the simple FHei-modules where i ranges from 1 to m.
Then S(ei,Vi,j) are all the simple FM-modules.
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Representation Theory of Monoid Algebras

Character Table!

KM-mod KHe1-mod× · · · × KHem-mod KM-mod/{Compositon factors}

V (Ve1, ... ,Ve2) (χVe1 , ... ,χVem)
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Character Table of a Monoid
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Character Table of a Monoid
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Representation Theory of Algebras

Krull-Schmidt Theorem
Let V a finite generated A-module and two direct sums be given

U1 ⊕ · · · ⊕ Un ∼= V

such that Ui is indecomposable and

W1 ⊕ · · · ⊕Wm ∼= V

such that Wi is indecomposable then n = m and there exists a permutation σ
on {1, ... , n} such that Ui ∼= Wσ(i).
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Representation Theory of Algebras

Cartan Matrix
Let K be a field. The Cartan matrix of a finite dimensional K-algebra A is the
square matrix

CA(P, S) := [P, S]

where P varies over Pims(A) and S varies over Irr(A). Furthermore Pims(A) and
Irr(A) are ordered such that Pi/rad(Pi) ∼= Si.
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Representation Theory of Monoid Algebras

Nicolas M. Thiéry 2012
Let M be a finite monoid and T be its character table. The bicharacter of M is
defined to be the matrix

XM(m, n) := {x ∈ M : mxn∗ = x}

where n∗ is an element in the conjugacy class of (nω+1)−1 where the inverse is
taken in Hnω . The product

T−tXMT−1

is the Cartan matrix of M.

Balthazar Charles(2023) developed a method to compute XM.
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Cartan Matrix of Group Algebras

Semisimple by Maschke’s theorem
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Cartan Matrix of Group Algebras

Semisimple by Maschke’s theorem
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Cartan Matrix of Monoid Algebras
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