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Let's look at some examples for things OSCAR can do

Disclaimer: most group theoretical functionality in OSCAR is derived from GAP



From the OSCAR Manual

<« C o O & docs.oscar-system.org/stable/G )
()e“AR Groups / Intreduction QGitHub & & ~
D
SYMBOLIC TOOLS Introduction
Oscar-jl The groups part of OSCAR provides functionality for handling

* Permutation groups

search doc:

+ Matrix groups
‘Welcome to OSCAR
« Finitely presented groups

General > * Polycyclic groups
Groups - * Products of groups
* Groups of automorphisms
Introduction
General textbooks offering details on theory and algorithms include:
= Tutorials
o Contact ¢ [Hupé7]
« [HEOO5]
Basics
FEEE Tutorials
Quotients

We encourage you to take a look at the tutorials on group theory in OSCAR, which can be found here.



In the Julia session

julia> using Oscar

help?> symmetric_group



Permutation Groups



Kinds of Groups: Permutation groups

julia> G = symmetric_group(5)

julia> x, y = gens(G)

julia> one(G), x * y, inv(x)
julia> degree(y)

julia> parent(y)



Kinds of Groups: Permutation groups

Create permutation groups by generators
julia> G = symmetric_group(5);

julia> x

G([2,1], check = false)

julia> H, emb = sub(G, [x])

julia> gens(H)

julia> order(H)



Example: Proportion of fixed-point free permutations

function fpf_proportion(n)
return length(filter(x -> number_of_fixed_points(x) == 0,
collect(symmetric_group(n)))) // factorial(n)
end

function fpf_proportion2(n)
return count(x -> number_of_fixed_points(x) == 0,
symmetric_group(n)) // factorial(n)
end

function fpf_proportion3(n)
G = symmetric_group(n)
fpf = zz(0)
for C in conjugacy_classes(G)
x = representative(C)
number_of_fixed_points(x) == 0 && (fpf += length(C))
end
return fpf // order(G)
end



Example: Proportion of fixed-point free permutations

julia> resl =
julia> res2 =
julia> res3 =

julia> resl == res2

[fpf_proportion(n) for n in 1:10];

[fpf_proportion2(n) for n in 1:10];

[fpf_proportion3(n) for n in 1:10];

== resd



Example: Proportion of fixed-point free permutations

julia> using Plots

julia> vals = [BigFloat(fpf_proportion3(n)) for n in 1:20];

julia> plot(vals; seriestype = :scatter)
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Example: Proportion of fixed-point free permutations

julia> vals2 = vals[6:20];

julia> plot(6:20, vals2; seriestype = :scatter)
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Example: Proportion of fixed-point free permutations

julia> x = vals[end][2]

julia> inv(x)

julia> exp(-1) - x
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Group Libraries



Group libraries (there are more)

Transitive permutation groups (degree up to 48)

julia> describe(transitive_group(12, 295))

Primitive permutation groups (degree up to 8191)

julia> describe(primitive_group(12, 2))

Perfect groups (order up to 2 - 10°)

julia> describe(perfect_group (95040, 1))

Groups of “small” order (all of order < 2000, cubefree order < 50000, ...)

julia> describe(small_group(24, 12))
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Group libraries

Similar structure of the libraries:

julia> number_of_small_groups(8)

julia> grps = all_small_groups(8, !is_abelian)
julia> map(describe, grps)

julia> id = small_group_identification(symmetric_group(3))

julia> small_group(id...)
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Symmetries of a regular icosahedron



Example: Symmetries of a regular icosahedron

julia> T = platonic_solid("icosahedron")

julia> visualize(T)
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Example: Symmetries of a regular icosahedron

julia> G = automorphism_group(T; action=:on_vertices)

julia> describe(G)

julia> gens(G)

julia> e = Set([1, 2]);

julia> edges = orbit(G, e)
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Example: Symmetries of a regular icosahedron

julia> e = Set([1, 2]);

julia> edges = orbit(G, e)

julia> length(edges)

julia> println(filter(x -> 1 in x, elements(edges)))

julia> gens(stabilizer(edges, e)[1])
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Invariant Theory



Invariant Theory

k field

e G < GLy(k) matrix group

o R:=k[x] = k[x1,...,xd]

e Ac Gactson f € R via fA(x) = f(Ax)

e Invariant ring: R :={f € R: fA =f for all Ac G}

e When G is finite then RC is finitely generated.

Task: Determine a finite generating set of RC.

algorithmic solution requires Grobner bases, group theory
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Invariants for the Klein four group

julia> A = matrix(QQ, [0 1 00; 1000; 000 1; 0010]); # permute (12)(34)

julia> B = matrix(QQ, [0 0 10; 000 1; 100 0; 010 0]); # permute (13)(24)

julia> G = matrix_group(A, B);

julia> describe(G)

julia> RG = invariant_ring(G);

julia> fundamental_invariants(RG)

julia> molser = molien_series(RG)

julia> expand(molser, 8)
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Symmetries of Number Fields



Symmetries of number fields: explicit automorphisms

julia>

julia>

julia>

julia>

julia>

julia>

—, X = polynomial_ring(QQ, :x)

K, z = number_field(x*2 - 7, :z);

G, mp = automorphism_group(PermGroup, K)

g = gen(G, 1)

alpha = mp(g)

alpha(z)
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Symmetries of number fields: Galois groups

julia>
julia>

julia>

julia>

julia>

julia>

julia>

I
-

>

n

polynomial_ring(QQ, :x);

K, a = number_field(x"4 - 2);

(]
-

I

1]

automorphism_group(K); describe(G)

(]
-
(@]

n

galois_group(K); describe(G)

roots(C, 2)
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Speedup via Julia



Low level computations: speedup via Julia?

Let g, n, z be positive integers, where z divides ¢" — 1.

Compute the g-adic expansion of (¢" —1)/z.
Why is this interesting:
Define an Z-algebra Alq, z]

whose basis is parametrized by the g-adic expansions of i - (¢" —1)/z, for 0 < i < z.

See
The Loewy structure of certain fixpoint algebras, Part Il,
Int. Electron. J. Algebra 30 (2021), 16-65.
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Julia Speed: Naive GAP solution

Task: Compute g-adic expansion of e = (¢" — 1)/z
First naive version in pure GAP.
gap> CoefficientsQadic( 1000, 3 );
gap> z:= 943955 q:= 225; n:= z - 15; e:= (g*n-1) / z5;
gap> coeffs:= CoefficientsQadic( e, q );;

gap> Length( coeffs );

gap> for i in [1..1000] do CoefficientsQadic( e, q );; od; time;
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Julia Speed: Improved GAP solution

Better: Compute the expansion of e without creating e

CoeffsQadicReversed:= function( z, q, n )
local v, i, r, rq, d;
vi= [15
ri= 1;
foriin[ 1 ..n] do
Tq:= T % Q3
d:= QuoInt( rq, z );
T:=71q - d % z;
v[i]:= d;
od;
return v;
gap> for i in [1..1000] do CoeffsQadicReversed(z, g, n); od;
gap> time;

Before it took 1625 us ~~ speed-up by a factor of ~ 4.6
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Julia Speed: Julia solution

An analogous Julia function

function coeffs_qgadic_reversed(z::T, q::T, n::Int) where T
v = [zero(z) for i in 1:n]
r = one(z)
for i in 1:n
v[i], v = divrem(r % q, z)
end
return v
end

julia> z = 9439; q = 22; n = z-1;
julia> using Chairmarks
julia> coeffs_gadic_reversed(z, q, n)

Before it took 354 us ~» another speed-up by a factor of ~ 10.5
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Use OSCAR functionality in GAP



Use OSCAR’s QQBarField functionality in GAP

GAP provides number fields generated by square roots of integers,
as subfields of cyclotomic fields.

The GAP package CoRelG provides a more efficient implementation of such fields.

In June 2025, Willem de Graaf and Heiko Dietrich asked for an easy way to provide the
functionality of OSCAR's QQBarField (the algebraic closure of the field of Rationals) in GAP:

e implement GAP objects that wrap OSCAR’s QQBarFieldElenm,

e define field arithmetics for the new objects, delegating the work to OSCAR,
e provide a function that computes roots of a polynomial,

e provide complex conjugation,

e provide a positivity test for real elements in the field,

e provide a GAP field object QQBarField

This task required about 200 lines of straightforward GAP code.
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Use OSCAR’s QQBarField functionality in GAP

The code can be found in the OscarInterface GAP package which is part of OSCAR.
gap> F:= QQBarField;
gap> x:= One( F );

gap> z:= Zero( F );

gap> z < X;
gap> y:= 2 ¥ X;;
gap> r:= Sqrt( y );

gap>M:=[[z,r],[r,z]];;
gap> Determinant( M ) = -2;

gap> MinimalPolynomial( M );

gap> Eigenvalues( F, M );
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The End

That's it for today!
Tomorrow: The OSCAR-GAP Interface — Behind the Scenes

Thank you for your attention!
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