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raction of language

Addition of two numbers: Assembly
Data type: int Data type: float

addi:

movl %edi, -4 (%rsp)
movl $%esi, -8 (%rsp)
movl -4 (%rsp), %esi
addl -8 (%rsp), %esi
movl %esi, %eax

ret
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Constructive category theory

Abstraction of language

Addition of two numbers: Assembly

Data ype: in
addi: addf:

movl %edi, -4 (%rsp) movss %$xmm0, —4(%rsp)
movl $%esi, -8 (%rsp) movss Sxmml, -8 (%rsp)
movl -4 (%rsp), %esi movss —4 (%rsp), S$xmm0
addl -8 (%rsp), %esi addss -8 (%rsp), %S$xmm0
movl %esi, %eax ret

ret
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Abstraction of language

Addition of two numbers: C

Data type: int Data type: float

int addi( int a,
int b )

return a + b;
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Constructive category theory

Abstraction of language

Addition of two numbers: C

Data type: int Data type: float

int addi( int a, float addf( float a,
int b ) float b )
{ {
return a + b; return a + b;
} }
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Addition of two numbers: GAP or Julia

Data type: int Data type: float

function( a, b )
return a + b;
end;
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Addition of two numbers: GAP or Julia

Data type: int, float

function( a, b )
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end;
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Constructive category theory

Abstraction of language

Addition of two numbers: GAP or Julia

Data type: int, float

function( a, b )
return a + b;
end;

High language leads to generic code!
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Abstraction of language

Computing the intersection of two subobjects

desls of 2

(i, v2) , (wy, wp) < V: (x), () <Z:
Solution of Euclidean algorithm:
Xy V4 + XoVo (em (x, y))
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Constructive category theory

Abstraction of language

Computing the intersection of two subobjects

desls of 2

(i, v2) , (wy, wp) < V: (x), () <Z:
Solution of Euclidean algorithm:
Xy V4 + XoVo (em (x, y))
=yiwy + Yoo

Generic algorithm for both cases? Category theory!
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Constructive category theory

Category theory as programming language

Category theory
@ abstracts mathematical structures

@ defines a language to formulate theorems and algorithms for
different structures at the same time

CAP - Categories, Algorithms, and Programming

A CAP implements a
C P categorical programming language
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A category A contains the following data:
@ Obj,
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A category A contains the following data:
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Computable categories

A category becomes computable through
@ data structures for objects and morphisms

@ algorithms to compute the composition of morphisms and identity
morphisms of objects

Finitely generated Q-vector spaces (skeletal)
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Computable categories

A category becomes computable through
@ data structures for objects and morphisms

@ algorithms to compute the composition of morphisms and identity
morphisms of objects

Finitely generated Q-vector spaces (skeletal)
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Constructive category theory

Computable categories

A category becomes computable through
@ data structures for objects and morphisms

@ algorithms to compute the composition of morphisms and identity
morphisms of objects

Finitely generated Q-vector spaces (skeletal)

(1 2)(2):(11)

v
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Constructive category theory

Computable categories

A category becomes computable through
@ data structures for objects and morphisms

@ algorithms to compute the composition of morphisms and identity
morphisms of objects

Finitely generated Q-vector spaces (skeletal)
3
(12)(§)=01
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’
)
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v
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Constructive category theory

Computable categories

A category becomes computable through
@ data structures for objects and morphisms

@ algorithms to compute the composition of morphisms and identity
morphisms of objects

Finitely generated Q-vector spaces (skeletal)
3
(12)(§)=01

r (1 2) Oy 3 €}
(1 ( )<4> (1)

o=
- o

v
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Constructive category theory

Categorical operations

Some categorical operations in abelian categories

@ Zero morphisms

@ Addition and subtraction of morphisms
@ Direct sums

@ Kernels and cokernels of morphisms
° ..
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Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... One needs an object ker ¢,
its embedding x = KernelEmbedding(y),

ker p
A— B
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Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... One needs an object ker ¢,
its embedding x = KernelEmbedding(y),
and for every test morphism 7

ker
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Constructive category theory
Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,
its embedding x = KernelEmbedding(y),
and for every test morphism 7
a unique morphism A\ = KernelLift(y, 7)
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Constructive category theory
Implementation of the kernel

Let ¢ € Hom(A, B). To fully describe the kernel of ¢ . ..

... one needs an object ker ¢,
its embedding x = KernelEmbedding(y),
and for every test morphism 7
a unique morphism A = KernelLift(y, 7), such that
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Implementation of the kernel: Q-vector spaces

Obj := Z>p, Hom (m, n) := Q™*" J
ker ¢
¥
A—— B
Compute
@ ker ¢ as dim(A) — rank(y)
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Implementation of the kernel: Q-vector spaces

Obj := Z>p, Hom (m, n) := Q™*" J
ker ¢ p
®
A—— B
Compute
@ ker ¢ as dim(A) — rank(y)
@ x by solving X - ¢ =0
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Implementation of the kernel: Q-vector spaces

Obj := Z>p, Hom (m, n) := Q™*" J
ker ¢ p
®
? A—— B
T

Compute

@ ker ¢ as dim(A) — rank(y)

@ x by solving X - ¢ =0
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Implementation of the kernel: Q-vector spaces

Obj := Z>p, Hom (m, n) := Q™*" J
ker ¢
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T

Compute
@ ker ¢ as dim(A) — rank(y)
@ x by solving X - ¢ =0
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Constructive category theory

Implementation of the kernel: Q-vector spaces

Obj := Z>p, Hom (m, n) := Q™*" J
ker ¢
R
Al } A—B
T

Compute
@ ker ¢ as dim(A) — rank(y)
@ x by solving X - ¢ =0
@ \bysolving X -xk=r71
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Constructive category theory

What is CAP?

CAP - Categories, Algorithms, and Programming

CAP is a framework to implement computable categories and provides
@ specifications of categorical operations,
@ generic algorithms based on basic categorical operations,

@ a categorical programming language having categorical
operations as syntax elements.
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Compute their intersection v : My N Mo — N.
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Constructive category theory
Computing the intersection

Let My — N and M, — N subobijects.
Compute their intersection v : My N Mo — N.

M;

/ \

M; © M N

k‘ /
Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
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Let My — N and M, — N subobijects.
Compute their intersection v : My N Mo — N.

M;
us
1

/ \
P i=110T L2 0 T2
N

M1ﬂM2‘L>M1@M2

Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2
@ k := KernelEmbedding ()
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Constructive category theory
Computing the intersection

Let My — N and M, — N subobijects.
Compute their intersection v : My N Mo — N.

M;
us
1

/ \
P i=110T L2 0 T2
N

M1ﬂM2‘L>M1@M2

Mo

@ 7; := ProjectionInFactorOfDirectSum ((My, M) , i), i = 1,2
@ Y :=110mM —LpOT2

@ k := KernelEmbedding ()

@ y:=110T 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
@Y i=11 071 — L2 O0T2

k := KernelEmbedding ()

YI=110M 0K
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Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2

k := KernelEmbedding ()

YI=110M 0K
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Constructive category theory

Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

k := KernelEmbedding ()

YI=110M 0K
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Constructive category theory

Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );

@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

 := KernelEmbedding ()
kappa := KernelEmbedding( phi );

YI=110M 0K
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Constructive category theory

Translation to CAP

wj := ProjectionInFactorOfDirectSum ((My, Mp) , i), i = 1,2
pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );
@Y i=11 071 — L2 O0T2
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );

 := KernelEmbedding ()
kappa := KernelEmbedding( phi );

Yi=1{0M OK
gamma := PostCompose ( lambda, kappa );
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Constructive category theory

Translation to

CAP

pil := ProjectionInFactorOfDirectSum( [ M1, M2 ], 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 ], 2 );
lambda := PostCompose( iotal, pil );

phi := lambda - PostCompose( iota2, pi2 );

kappa := KernelEmbedding( phi );

gamma := PostCompose ( lambda, kappa );
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Constructive category theory

Translation to CAP

pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );

phi := lambda - PostCompose( iota2, pi2 );

kappa := KernelEmbedding( phi );

gamma := PostCompose ( lambda, kappa );
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Constructive category theory

Translation to

CAP

Schnitt := function( iotal, iota2 )
pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );

Sebastian Gutsche (Siegen)

Constructive Categories August 31, 2017 14/23



Constructive category theory

Translation to

CAP

Schnitt := function( iotal, iota2 )

M1 := Source( iotal );

M2 := Source( iota2 );

pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );

phi := lambda - PostCompose( iota2, pi2 );

kappa := KernelEmbedding( phi );

gamma := PostCompose ( lambda, kappa );
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Constructive category theory

Translation to CAP

Schnitt := function( iotal, iota2 )
M1 := Source( iotal );
M2 := Source( iota2 );
pil := ProjectionInFactorOfDirectSum( [ M1, M2 1, 1 );
pi2 := ProjectionInFactorOfDirectSum( [ M1, M2 1, 2 );
lambda := PostCompose( iotal, pil );
phi := lambda - PostCompose( iota2, pi2 );
kappa := KernelEmbedding( phi );
gamma := PostCompose ( lambda, kappa );

return gamma;
end;
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Constructive category theory

Translation to CAP

Schnitt
local

M1 :
M2 :=
pil
pi2

lambd
phi :=

kappa
gamma

return
end;

Sebastian Gutsche (Siegen)

:= function(
M1,

= Source (
Source (

= ProjectionInFactorOfDirectSum( [

:= KernelEmbedding ( phi

:= PostCompose (

iotal, iota2 )

M2, pil, piZ2,

)
) ;

lambda, phi, kappa,

iotal
iotaz2

M1,

ProjectionInFactorOfDirectSum( [ M1,

pil );
iotaz,

)7
kappa

:= PostCompose( iotal,

lambda - PostCompose ( ri2 );

lambda, )7

gamma;

Constructive Categories

gamma;

August 31, 2017
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Constructive category theory
Computing the intersection: Q-vector space

Compute the intersection of

(110 /10 1
“=1o0 1 1 2=\ 1 1 0
M1 c N > M2

2 3 2
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Constructive category theory
Computing the intersection: Q-vector space

Compute the intersection of

(110 (10 1
“=1o0 1 1 2=\ 1 1 0

M1 c N ’ M2
f 1 f

2 3 2

gap> gamma := Schnitt ( iotal, iota2 );
<A morphism in the category of matrices over Q>
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Constructive category theory

Computing the intersection: Q-vector space

Compute the intersection of

(110 /10 1
“=1o0 1 1 2=\ 1 1 0

M < N > Mo

i Il i

2 3 2
gap> gamma := Schnitt ( iotal, iota2 );

<A morphism in the category of matrices over Q>

gap> Display( gamma ) ;
rr 1, 1, 0711

A morphism in the category of matrices over Q
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Constructive category theory

CAP packages
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Constructive category theory

CAP packages

(GeneralizedMorphisms)(—(HomologicalAlgebreD
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Constructive category theory

CAP packages

(CategoriesWithAmbientObject
(GeneralizedMorphisms)(—(HomologicalAlgebreD
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Constructive category theory

CAP packages

(CategoriesWithAmbientObject
(GeneralizedMorphisms)(—(HomologicalAlgebreD

HomotopyCategories

@icomplexes

complex

StableCategories
FrobeniusCategories
TriangulatedCategories
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Constructive category theory

CAP packages

(CategoriesWithAmbientObject
ComplexesAndFilteredObjects
(GeneralizedMorphisms)(—(HomologicalAlgebreD
>(ModulePresentations

HomotopyCategories

@icomplexes

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories
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Constructive category theory

CAP packages

(CategoriesWithAmbientObjects

ComplexesAndFilteredObjects
(GeneralizedMorphisms)(—(HomologicalAlgebreD

>(ModulePresentations

MotivesForBiArrangements
HomotopyCategories

@icomplexes

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories

Sebastian Gutsche (Siegen) Constructive Categories August 31, 2017 16/23



Constructive category theory

CAP packages

(CategoriesWithAmbientObject

ComplexesAndFilteredObjects
(GeneralizedMorphisms)(—(HomologicalAlgebreD

>(ModulePresentations

MotivesForBiArrangements
HomotopyCategories

@icomplexes

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories QPA2 Bialgebroids
A

FunctorCategories
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Constructive category theory

CAP packages

(CategoriesWithAmbientObjects)—){W( Actions (
G_inearAIgebra)(—(GroupRepresemations
CompIexesAndFiIteredObjects)< T
(GeneralizedMorphisms)(—(HomologicalAlgebreD
 ModulePresentations

InternalExteriorAlgebra

MotivesForBiArrangements
HomotopyCategories

@icomplexes

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories QPA2 Bialgebroids
A

FunctorCategories
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Constructive category theory

CAP packages

IntrinsicCategories
(CategoriesWithAmbientObjects AnributeCategory)< Actions (
G_inearAIgebra)(—(GroupRepresemations
- - Y
CompIexesAndFlIteredObJects)\ T
GeneralizedMorphisms H HomologicalAlgebra
) ModulePresentations K—{ GradedModulePresentations

A

InternalExteriorAlgebra

MotivesForBiArrangements
HomotopyCategories

@icomplexes

ToricSheaves

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories QPA2 Bialgebroids
A

FunctorCategories
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Constructive category theory

CAP packages

IntrinsicCategories
(CategoriesWithAmbientObjects AnributeCategory)< Actions (
G_inearAIgebra)(—(GroupRepresemations
- - Y
CompIexesAndFlIteredObJects)\ T
GeneralizedMorphisms H HomologicalAlgebra

) ModulePresentations H GradedModulePresentations
ToricSheaves

complea (CategoryOfProjectiveGradedObjects)(—

StableCategories PresentationCategory }(—
FrobeniusCategories (PresentationsByProjectiveGradedModuIes)

TriangulatedCategories QPA2 Bialgebroids
A

FunctorCategories

InternalExteriorAlgebra

MotivesForBiArrangements
HomotopyCategories

@icomplexes
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Applications to Algebraic Geometry

Applications to Algebraic Geometry
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Applications to Algebraic Geometry
Coherent sheaves: Affine space

Let K be an algebraically closed field.

Sebastian Gutsche (Siegen) Constructive Categories August 31, 2017 18/23



Applications to Algebraic Geometry

Coherent sheaves: Affine space

Let K be an algebraically closed field.

Affine space

@ Affine space: A" = K"
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Applications to Algebraic Geometry

Coherent sheaves: Affine space

Let K be an algebraically closed field.

@ Affine space: A" = K"

@ Coherent sheaves correspond to f. g. modules over
S:=K|[xq,...,Xn]

Affine space
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Applications to Algebraic Geometry

Coherent sheaves: Affine space

Let K be an algebraically closed field.

@ Affine space: A" = K"
@ Coherent sheaves correspond to f. g. modules over
S:=K|[xq,...,Xn]

In the language of category theory:

Affine space
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Applications to Algebraic Geometry

Coherent sheaves: Affine space

Let K be an algebraically closed field.

Affine space

@ Affine space: A" = K"
@ Coherent sheaves correspond to f. g. modules over
S:=K|[xq,...,Xn]
In the language of category theory:
Equivalence of categories

S-mod — Coh (A")
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Applications to Algebraic Geometry

Coherent sheaves
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
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Applications to Algebraic Geometry

Coherent sheaves

Projective space

@ Projective space P™ ' = (K"/K*) — {0},
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Applications to Algebraic Geometry

Coherent sheaves

Projective space

@ Projective space P™ ' = (K"/K*) — {0},
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S:=K|[X1,...,Xn]
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S:=K|[X1,...,Xn]

In the language of category theory:
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S:=K|[X1,...,Xn]

In the language of category theory:

Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S:=K|[X1,...,Xn]

In the language of category theory:

S-mod Cobh (IP’”_1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S =K|[x1,...,Xn]

In the language of category theory:

S-mod Cobh (IP’”_1 )
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0},
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading

In the language of category theory:

S-mod Cobh (IP’”_1 )
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading

In the language of category theory:

S-mod Cobh (IP’”_1 )
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading

In the language of category theory:

S-grmod,, Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading

In the language of category theory:

S-grmod,, Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only

supported on {0}.

In the language of category theory:

S-grmod,, Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only

supported on {0}.

In the language of category theory:

S-grmod,, / S-grmod?) Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only

supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod, / S-grmod? Coh (P 1)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only

supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,,/S-grmod?, ————— Cob (P™7)
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Applications to Algebraic Geometry

Coherent sheaves

Projective space

@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only

supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod), ————— Cob (P™7)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Projective space P"~! = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only
supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/K*) — {0}, K* = Hom (Z, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only
supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — {0}, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only
supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a Z-grading modulo modules that are only
supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on {0}.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)

Sebastian Gutsche (Siegen) Constructive Categories August 31, 2017 19/23



Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on Z.

In the language of category theory:
Equivalence of categories

S-grmod,, / S-grmod, — = ¢oh (P"1)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on Z.

In the language of category theory:
Equivalence of categories

S-grmody, / S-grmod), — = op (X)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on Z.

In the language of category theory:
Equivalence of categories

S-grmod 5/ S-grmod% — = op (X)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety (smooth)
@ Toric variety X = (K"/G') — Z, G’ = Hom (G, K*)
@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on Z.

In the language of category theory:
Equivalence of categories

S-grmod 5/ S-grmod% — = op (X)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety

@ Toric variety X = (K"/G') — Z, G’ =2 Hom (G, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that are only
supported on Z.

In the language of category theory:
Equivalence of categories

S-grmod g/ S-grmod% ————— Coh (X)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety

@ Toric variety X = (K"/G') — Z, G’ =2 Hom (G, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that sheafify
to zero.

In the language of category theory:
Equivalence of categories

S-grmod g/ S-grmod% ————— Coh (X)
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Applications to Algebraic Geometry

Coherent sheaves

Normal toric variety

@ Toric variety X = (K"/G') — Z, G’ =2 Hom (G, K*)

@ Coherent sheaves correspond to f. g. modules over
S = K|[x1,...,Xp] with a G-grading modulo modules that sheafify
to zero.

In the language of category theory:
Equivalence of categories

S-grmod g/ S-grmod% ————— Coh (X)

Computability of S-grmod;/S-grmod%?
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Applications to Algebraic Geometry

Serre quotients
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory.
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
@ Hom /¢ (A, B) :=
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
@ Hom /¢ (A, B) :=

A--rmmmmmoe > B

\ / coker (1) € C
" ®

X
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
quotient .4/C is an abelian category with
@ Hom /¢ (A, B) :=

’Qp\ % SCDO(kIZr((wiﬁ)))GGC C
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Applications to Algebraic Geometry

Serre quotients

Serre quotient

Let A be an abelian category and C a thick subcategory. The Serre
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