Constructing Graphs by Voltage Assignment

Hebert Pérez-Rosés 12

"Department of Mathematics
University of Lleida, Spain

2Conjoint fellow
Dept. Software Eng. and Comp. Science
The University of Newcastle, Australia

GAP days 2014

X X

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 1/24



ﬂ Voltage Assignment
e The Degree—Diameter Problem

e GAP Implementation

@ Bibliography

X X

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 2/24



Voltage graphs

@ Given a digraph G = (V, A), and a finite group ', a voltage
assignment of Gin I is a function o : A — T, that labels the arcs
of G with elements of I'.
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Voltage graphs

@ Given a digraph G = (V, A), and a finite group ', a voltage
assignment of Gin I is a function o : A — T, that labels the arcs
of G with elements of I'.

@ The derived graph (lift, or covering) G' = (V’/, A’) (also denoted
G%), is constructed as follows:

o V=VxTlandA =AxT
o lfa=(v,w)c A then(a,g)=ag= (Vg Wga(a) € A
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Example 1: Voltages in Z3
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Example 1: Collapsing mutually reverse arcs

(y,0)

(aj? O)C
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Example 2: Cayley graphs (voltages in Zg)

3 (v,1) (v,2)
5
- (v,0) (v,3)
e (v,5) (v,4)
x\U/x
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Some elementary properties

@ The net voltage of a walk W in G is the product of the voltages of
every edge in the W
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Some elementary properties

@ The net voltage of a walk W in G is the product of the voltages of
every edge in the W

@ Every cycle C’ of G’ corresponds to a closed non-reversing walk
W in G, with net voltage equal to the identity of I'

@ The girth of G’ is equal to the length of the shortest closed
non-reversing walk W of G, with net voltage equal to the identity

@ The local group at vertex v is the group generated by the net
voltages of all closed walks based at v. G’ is connected if and
only if the local group at every vertex v is equal to I'.
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The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 8/24



The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

@ Nap<1+A+AA-1)+ -+ A(A—1)P~T (Moore bound)

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 8/24



The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

@ Nap<1+A+AA-1)+ -+ A(A—1)P~T (Moore bound)

@ Moore graphs (i.e. graphs attaining the Moore bound) only exist
for a few combinations of A and D

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 8/24



The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

@ Nap<1+A+AA-1)+ -+ A(A—1)P~T (Moore bound)

@ Moore graphs (i.e. graphs attaining the Moore bound) only exist
for a few combinations of A and D

@ Main research directions:

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 8/24



The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

@ Nap<1+A+AA-1)+ -+ A(A—1)P~T (Moore bound)

@ Moore graphs (i.e. graphs attaining the Moore bound) only exist
for a few combinations of A and D

@ Main research directions:
o Obtain sharper upper bounds

\4

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 8/24



The Degree—Diameter Problem (DDP)

@ Construct the largest possible network (or graph) with a given
maximum degree A, and a given diameter D (Elspas, 1964)

@ Nap<1+A+AA-1)+ -+ A(A—1)P~T (Moore bound)

@ Moore graphs (i.e. graphs attaining the Moore bound) only exist
for a few combinations of A and D

@ Main research directions:

o Obtain sharper upper bounds
o Construct larger graphs
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Largest Known Graphs (combinatoricswiki.org)
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Relative contribution of different techniques

@ \Voltage assignment (analytic and computer-based) - 53%
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Relative contribution of different techniques

@ \Voltage assignment (analytic and computer-based) - 53%

@ Graph compounding - 15%

© Polarity graphs of generalized polygons - 12%

© Other computer-based techniques - 9% > U
© Moore graphs and others - 11% v
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Random voltage search

Choose a base graph G and a family of groups £,
and initialize MAX;

Label the arcs of a BFS spanning tree of the base
graph G with the identity element;

for every unexplored group I in Q do
for i:=1 to MAX do begin
generate a random voltage assignment «;
compute the girth and diameter of G;
if diameter < k then begin
save [ and «;
break;
end;

end;

X X
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Construction of large general graphs

@ The ‘less abelian’ a group is, the better
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Construction of large general graphs

@ The ‘less abelian’ a group is, the better

@ The groups that have been used more extensively are Zmy, X, Zn,
(Zm X Zm) Xr Zn, and (Zm X Zn) X (Zm Ar Zn)

@ The method is expected to give better results with simple groups,
and other non-solvable groups (e.g. perfect groups)

@ A group I is perfect if it equals its commutator (or derived)
subgroup [I',I]. E.g. SL(2,5)
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GAP functionality for graphs

@ Package GRAPE, by Leonard Soicher
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GAP functionality for graphs

Package GRAPE, by Leonard Soicher

Supports directed graphs with loops

@ Does not support multiple edges (or multiple loops)

Does not support edge labels

Makes heavy use of the automorphism group of the graph

Calls nauty

H. Pérez-Rosés (Lleida, Spain) Voltage assignment GAP days 2014 13/24



Our implementation (EULER)

@ Graph data structure: Adjacency list
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Our implementation (EULER)
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Our implementation (EULER)
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Network layout with Gephi
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Example 1

Gamma:= CyclicGroup (3);
LGamma:= List (Gamma) ;
vgrafo:= [ [ [ 2 1, [ LGamma[l] 1 1,
[ [ 1, 2 1, [ LGamma([l], LGammal([2] ] 1 1;
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Future extensions

@ Improve data structures
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Future extensions

@ Improve data structures

@ Functions for:
Basic graph operations (girth, connectivity, graph products, etc.)

Estimating the diameter of a large directed non-symmetric graph

Find the voltage assignment that produces a lift of minimal diameter

Implement the random voltage search

@ Adapt functions to different group specifications (permutation  +
groups, fp groups, pc groups, etc.) ’\U/“
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An alternative data structure

Gamma:= CyclicGroup(3);
LGamma:= List (Gamma) ;
nverts:= 2;

narcs:= 4;

LArcs:= [ [1,21, [2,11, [2,2] 1;

alpha:= [ LGamma[l], LGammal[l], LGammal[2] 1;
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Auxiliary functions (in GAP 3)

@ Knuth-Bendix completion procedure for string-rewriting systems:
Given a finite monoid presentation, convert it to a complete
(confluent) presentation.
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Auxiliary functions (in GAP 3)

@ Knuth-Bendix completion procedure for string-rewriting systems:
Given a finite monoid presentation, convert it to a complete
(confluent) presentation.

@ Given a complete presentation, multiply two elements (reduced
words)

@ Compute the order of a finitely-presented group (monoid) given by
a confluent presentation

@ Generate confluent presentations for some classes of groups
(symmetric groups, alternating groups, finite Coxeter groups, etc.)
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Complete presentation of As

a:=AbstractGenerator ("a");
b:=AbstractGenerator ("b");
c:=AbstractGenerator("c");

Gens:=[a,b,c];
Rels:= [[a IdWord], [b"2, IdWord], [c"2, IdWord],
[b*a*b a*2+«bxa”2], [b*xa”2+b, axb=xal],
[
[

c*xa, a”2+c)], [cxbxc, bxcx*b],
c+xbxaxc, bxcxbxa”2], [cxbxa”2+%c, b*cxbxal];

X X
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GAP-4 translation

F:= FreeGroup("a", "b", "c");
a:= F.1;
b:= F.2;
c:= F.3;

IdWord:= One (F);

Rels:= [[a"3, IdWord], [b"2, IdWord], [c"2, IdWord],
bxaxb, a”2+xbxa”2], [b*a”"2xb, axbxal,
c*xa, a”2*c], [cxbxc, bxc*b],

c+xb*xaxc, bxcxbxa”2], [cxbxa”2+c, b*cxbxall]l;
7.\ I
\V/
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For more details

¥ J.L.Gross and T.W.Tucker: Topological Graph Theory.
John Wiley & Sons, 1987.
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¥ J.L.Gross and T.W.Tucker: Topological Graph Theory.
John Wiley & Sons, 1987.

¥ L.H. Soicher: “Computing with graphs and groups”.
In Topics in Algebraic Graph Theory (L.W. Beineke and R.J.
Wilson, eds).
Cambridge Univ. Press, 2004, pp. 250-266.
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